Using a result of Salberger [9] we show that the number of non-trivial positive integer solutions x0, .
Introduction
The purpose of this short note is to apply recent work of Salberger to an old problem in analytic number theory. More precisely we shall see how Salberger's new results [9] concerning the distribution of rational points on projective algebraic varieties can be used to study the number of positive integer solutions to the simultaneous equations 3 + O(B 2 ) trivial solutions in which x 3 , x 4 , x 5 are a permutation of x 0 , x 1 , x 2 . We write N c,d (B) for the number of non-trivial solutions, and our primary goal is to estimate this quantity.
When c = 1 and d = 2 it is rather easy to show that N 1,2 (B) = CB 3 log B(1 + o(1)),
for an appropriate constant C > 0, so that the non-trivial solutions dominate the trivial ones. In all other cases we would like to know that the trivial solutions dominate the non-trivial ones. This has only been established when c = 1, or when c = 2 and d = 3 or 4. Specifically, it has been shown by Greaves [4] that 2) and by Skinner and Wooley [10] that
This latter result reproduces Greaves' result for d = 7, and improves upon it for d 8. Moreover, work of Wooley [12] shows that
and Tsui and Wooley [11] have shown that
13 +ε .
We are now ready to record the contribution that we have been able to make to this subject. The implied constant in this estimate is allowed to depend at most upon c, d and the choice of ε. When c = 1, it is easy to see that our result improves upon A crucial aspect of our work involves working in projective space. It is clearly natural to talk about rational points on varieties, rather than integral solutions to systems of equations. Whereas a single integer solution to (1.1) can be used to generate infinitely many others by scalar multiplication, all of these will actually correspond to the same projective rational point on the variety defined by (1.1). The transition between estimating N c,d (B) and counting non-trivial projective rational points of bounded height will be made precise in the following section.
For distinct positive integers c, d the pair of equations (1.1) defines a projective algebraic variety X c,d ⊂ P 5 of dimension 3. The trivial solutions then correspond to rational points lying on certain planes contained in X c,d . Our proof of the theorem makes crucial use of a rather general result due to Salberger [9] , that provides a good upper bound for the number of rational points of bounded height that lie on the Zariski open subset formed by deleting all of the planes from an arbitrary threefold in P 5 . In order to apply this result effectively we shall need to study the intrinsic geometry of X c,d . This will be carried out separately in the final section of this paper.
Our primary goal in this paper was merely to obtain exponents strictly less than 3. However, in private communications with the authors, Salberger has indicated how the upper bound in our theorem can be substantially sharpened. This improvement relies in part on our own Lemma 1, and will appear in print shortly. The authors are grateful to Professor Salberger for this observation, and a number of useful comments that he made about an earlier version of this paper.
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Proof of the theorem
Let X c,d ⊂ P 5 denote the threefold defined by the pair of equations (1.1), for positive integers c < d such that d 4. Our first task is to consider the possible planes contained in X c,d , for which it will clearly suffice to consider the planes contained in F d , where F k ⊂ P 5 denotes the non-singular Fermat hypersurface
for any k ∈ N. Now there are certain obvious planes contained in F k , which we refer to as "standard". These planes are obtained by first partitioning the indices {0, . . . , 5} into three distinct pairs. For each such pair {i, j}, one then associates a vector
Then if J 0 , J 1 , J 2 are the sets of indices so formed, and
denotes the corresponding point in F k , we thereby obtain the plane
It is not hard to see that this procedure produces exactly 15k 3 standard planes contained in F k . The following result shows that these are the only planes contained in F k , if k is at least 4. Lemma 1. Let k 4. Then any plane contained in F k is standard.
It ought to be remarked that for k 5 the classification of planes in F k is a straightforward consequence of the well-known classification of lines in F k , as discussed by Debarre [2, §2.5], for example. Thus the chief novelty of Lemma 1 is that we are also able to handle the case k = 4. Lemma 1 will be established in the next section. An important consequence of this result is that any plane in the threefold X c,d must correspond to a standard plane in F d , since we have assumed that d 4. Among the planes contained in X c,d are the six "trivial" planes
where {i, j, k} is a permutation of the set {3, 4, 5}.
We are now ready to complete the proof of the theorem. In estimating N c,d (B), it is clearly enough to count primitive vectors x = (x 0 , . . . , x 5 ) ∈ N 6 , where x is said to be "primitive" if h. , for some δ ∈ {−1, +1}. Hence the 2(d − c)-th powers of any two non-zero coordinates of ξ must coincide, and so we may conclude that the singular locus of X c,d is finite. We are now ready to establish the following result. In order to prove Lemma 3, we define
in analogy to (2.1). Then G k is a non-singular hypersurface of dimension 4, and it is clear that
This completes the proof of Lemma 3.
Our final task in this section is to establish Lemma 1. Let k 4, and suppose that we are given a plane Π contained in F k , as given by (2.1). Then Π must be generated by three non-collinear points e 0 , e 1 , e 2 ∈ F k . We may assume after a linear change of variables that
for certain e i = (e i,3 , e i,4 , e i,5 ) ∈ Q 3 . But then there exist linear forms of the
for i = 3, 4, 5, that are defined over Q and satisfy
identically in u = (u 0 , u 1 , u 2 ). In particular we may henceforth assume that none of the forms L 3 , L 4 , L 5 are identically zero, since it is well-known that a non-singular hypersurface of dimension 3 contains no planes. We proceed to differentiate the identity (3.1) with respect to u 0 , giving
On writing
, 5, we must therefore investigate the possibility that 
identically in u. This is clearly impossible for k 4, and so establishes the claim.
In terms of the original linear forms L 0 , . . . , L 5 satisfying (3.1), our consideration of (3.3) has therefore led to the conclusion 
